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A proposal to generate entangled compass states with sub-Planck structure
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We illustrate a procedure to generate a bipartite, entangled compass state, which shows sub-
Planck structure. The proposed method uses the interaction of a standing wave laser field, with
two, two-level atoms and relies on the ability of this system to choose certain mesoscopic bipartite
states to couple with the internal degrees of freedom. An appropriate measurement on the internal
degrees of freedom then leads to the entangled state, which shows sub-Planck structures, desired for
quantum metrology.
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I. INTRODUCTION
In recent times, macroscopic quantum states with non-local superpositions have attracted considerable attention
in the context of quantum metrology. It was demonstrated by Zurek that, the single particle compass state shows
sub-Planck sensitivity, which makes it useful for carrying out Heisenberg-limited measurements [1]. The sub-Planck
structure owes its origin to interference in phase space [2]. A criterion for distinguishing quantum states, which do
not have a classical counterpart, from those which have one, has been studied in Refs. [3, 4]. Therein structures in
phase space that are narrower than their ground state counterparts have also been demonstrated in the context of
an oscillator. A classical system possessing sub-Fourier sensitivity has been experimentally realized [5]. Sub-Planck
analogs have been identified in chronocyclic phase space [6]. The existence of such structures has been found in the
Po¨schl-Teller potential [7]. The effect of decoherence on sub-Planck structures have been studied in Ref. [8]. In
the quantum scenario, a number of proposals have been advanced for generating single particle cat and generalized
states showing the above feature [9–12]. Agarwal and Pathak suggested a scheme for generating the compass state
in a cavity QED scenario, using a Rydberg atom coupled to a single-mode high Q-cavity via the Jaynes-Cummings
evolution, followed by joint detection of two atoms in a particular state [11]. The cat state, which shows partial
sensitivity for Heisenberg-limited measurements, can be generated by non-linear optical processes [13, 14] and by
quantum-non-demolition measurements of the photon number in cavity QED [15] and the vibrational quantum
number of a trapped atom [16].
It has been recently found that an appropriate entangled bipartite system can help carry out Heisenberg-limited
measurements with better sensitivity [17]. Furthermore, it may be more robust to decoherence. Since, the compass
state is a superposition of four constituent coherent states, it is strongly prone to environmental effects [11]. It is
worth mentioning that a number of schemes have been implemented for entangling macroscopic quantum states, for
quantum information processing [18, 19]. Entanglement of a mesoscopic field with a Rydberg atom has been achieved
experimentally in cavity QED [20]. Light mediated distribution of motional state entanglement has been proposed,
in the context of harmonically trapped atoms [21]. Entangled states have been considered for measuring weak effects
arising out of atomic parity violation [22].
In this paper, we make use of mesoscopic quantum states to demonstrate a procedure to generate general entangled
bipartite states having sub-Planck sensitivity in both co-ordinate and momentum spaces. We couple two identical
neutral two-level atoms in a deep double well potential to a standing wave laser field, with each well containing a single
atom. Instead of a double well, two independent harmonic traps or an optical double lattice which has already been
experimentally realized [23] can also be used. This type of systems have been proposed for carrying out quantum logic
operations in an optical lattice [24] and for atoms on a chip [25, 26]. In our scheme, the first atom couples to the laser
field via the position of its center-of-mass, while the second one interacts with the field after a suitable time-delay,
amounting to a coupling through the velocity of its center-of-mass. This scheme can be implemented in cold atoms,
such that the system is in its ground state. Otherwise, a sideband cooling may be effected for the same purpose. This
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2is followed by joint detection of the atoms in definite internal states. The depth of each well and distance between the
two wells can be adjusted in order to control tunneling effects. In the following section, we explicate the necessary
steps involved in generating these compass states and study their sub-Planck structures in phase space in section III.
We then conclude with discussions regarding further investigation.
II. GENERATION OF BIPARTITE ENTANGLED STATES WITH SUB-PLANCK SENSITIVITY
It has been proposed recently that certain continuous variable bipartite entangled states reveal sub-Planck structure
[17]. These entangled states contain cat-type constituent states and offer better sensitivity for Heisenberg limited
measurements than the original compass state.
The proposed bipartite compass state is of the type,
|ψ〉c = a(|α〉1|iα〉2 + |iα〉1|α〉2) + b(| − α〉1| − iα〉2 + | − iα〉1| − α〉2) +
c(|α〉1| − iα〉2 + |iα〉1| − α〉2) + d(| − α〉1|iα〉2 + | − iα〉1|α〉2), (1)
where |α〉 is the coherent state:
aˆ|α〉 = α|α〉. (2)
As will be explicitly shown in the subsequent section, in order to produce sub-Planck structures in the phase space,
at least one of the tuples (a,b) or (c,d) must have both the co-efficients non-zero.
For a physical realization of the above states, we consider two identical two-level atoms in a deep double well
potential, coupled to a standing wave laser field. The excited and ground levels |e〉 and |g〉 are the internal degrees
of freedom of each atom. We assume that the probability of occupation of the excited states of the double well is
very small. Hence, to start with the wells containing one atom each can be effectively treated as two independent
harmonic traps. In the following, we assume that spontaneous emission from the upper internal level of the atoms
can be neglected and furthermore decoherence of center-of-mass motion will also be ignored.
For a trapped atom in a standing wave laser field in the Lamb-Dicke regime, where the wavelength of the classical
field is long compared to the extent of the confining trap, the general time evolution is governed by [27]:
Hˆ = Hˆs + Hˆǫ + Hˆint. (3)
Here,
Hs =
∆
2
σˆz , (4)
∆ being the atom-laser detuning parameter, which can be adjusted to zero. The Hamiltonian describing the motional
degrees of freedom of the trapped atoms undergoing harmonic motion is given by:
Hˆǫ =
2∑
i=1
(
pˆ2i /2m+
1
2
mω2xˆ2i
)
. (5)
Hint describes the coupling of the laser with the atoms; for the i
th atom, this can be represented by [27]:
Hˆint = λ[cos(φ) − ηsin(φ)]σˆix ⊗ cxˆi. (6)
Here, σˆx = |g〉〈e|+ |e〉〈g|; xˆi denotes the position of the center of mass of the ith atom and the relative position of the
trap in the field is determined by the parameter φ. For convenience of illustration, the position of the trap is tuned
such that φ = 3π2 , whence the Hamiltonian takes the suggestive form:
Hˆiǫ =
pˆ2i
2m
+
1
2
mω2[[xˆi +
cσix
mω2
]2]− c
2
mω2
, (7)
with c = λη. As is evident, the present case is similar to the spin-boson system, where a single two-level system
interacts with a large reservoir of bosonic field modes [28].
The two degenerate lowest energy eigenvectors are:
|ζ+〉 = |+〉i|α〉,
and |ζ−〉 = | − 〉i| − α〉; (8)
3with,
|+〉 = 1√
2
[|g〉+ |e〉],
and |−〉 = 1√
2
[|g〉 − |e〉]. (9)
In the above,
|α〉 = e−iαpˆ/~|E0〉. (10)
Here, |E0〉 refers to the ground state of the harmonic oscillator and α = cmω2 .
Through an unitary transformation [29],
U = exp[−ipi
4
aˆ†jaˆj ], (11)
the Hamiltonian in Eq.(7) can be equivalently represented by another one, where the atom couples to the laser field
through the momentum of its center-of-mass. The above unitary operator corresponds to a free evolution for a period
π
4 , physically amounting to a delayed coupling between the j
thatom and the standing wave laser field. It is assumed
that the distance of the second well can be adjusted for the free evolution of the atom located in the same. The
unitarily equivalent interaction Hamiltonian, describing the above coupling between the laser field and the jth atom,
is given by:
Hˆint = σˆ
j
x ⊗ dpˆj , (12)
with
d =
c
mω
. (13)
The two degenerate lowest energy eigenvectors for this system are,
|η+〉 = |+〉j |iα〉. (14)
and |η−〉 = |−〉j | − iα〉. (15)
The first atom couples to the laser field via the position of its center-of-mass, while the other atom interacts
with the field after a time-delay, amounting to coupling through the velocity of its center-of-mass. The interaction
Hamiltonian couples |α〉 or |iα〉 to the |+〉 state depending on whether the coupling occurs via the position or
momentum respectively. Similarly, | − α〉 or | − iα〉 gets coupled with the |−〉 state. Since, this scheme can be
implemented in cold atoms, we assume that the system is in its ground state. Otherwise, a sideband cooling can be
performed for the same purpose. Initially the wells are well separated so that the probability of tunneling is very
low; after both the traps have been subjected to the standing wave laser field, the distance between the wells can
be adjusted, so as to allow tunneling. For identical bosonic atoms, this would select out the symmetric state as the
ground state of the system, which modulo normalization, can be written in the form:
|ψ〉 = a|+〉|+〉(|α〉1|iα〉2 + |iα〉1|α〉2) + b|−〉|−〉(| − α〉1| − iα〉2 + | − iα〉1| − α〉2) +
c(|−〉1|+〉2(|α〉1| − iα〉2 + |+〉1|−〉2| − iα〉1|α〉2) + d(|+〉1|−〉2(| − α〉1|iα〉2 + |−〉1|+〉2|iα〉1| − α〉2). (16)
At this stage, a joint detection of the internal states of both the atoms can produce four different types of entangled
bipartite states of the desired sub-Planck sensitivity. This is shown in the table below. For illustration, we analyze
the state, which is obtained when both the atoms are in the excited state.
III. SUB-PLANCK SENSITIVITY OF THE COMPASS STATE
We now proceed to study the phase space structures of |ψc〉 for ensuring sub-Planck sensitivity. For calculational
simplicity and in order to establish correspondence with earlier results [17], we rewrite ψc in the form:
|ψ〉c = A[ 1√
2
(| ± α+〉1| ± iα+〉2 + | ± iα+〉1| ± α+〉2)] +B[ 1√
2
(| ± α−〉1| ± iα− + | ± iα−〉1| ± α−)] +
C[
1√
2
(| ± α+〉1| ± iα−〉2 + | ± iα−〉1| ± α+〉2)] +D[ 1√
2
(| ± α−〉1| ± iα+〉2 + | ± iα+〉1| ± α−〉2)] (17)
4TABLE I: Outcome and the obtained state (unnormalized)
Outcome of the Measurement State obtained
|ee〉 a(|α〉1|iα〉2 + |iα〉1|α〉2) + b(| − α〉1| − iα〉2 + | − iα〉1| − α〉2)+
c(|α〉1| − iα〉2 + |iα〉1| − α〉2) + d(| − α〉1|iα〉2 + | − iα〉1|α〉2)
|gg〉 a(|α〉1|iα〉2 + |iα〉1|α〉2) + b(| − α〉1| − iα〉2 + | − iα〉1| − α〉2)−
c(|α〉1| − iα〉2 + |iα〉1| − α〉2)− d(| − α〉1|iα〉2 + | − iα〉1|α〉2)
1√
2
(|ge〉+ |eg〉) a(|α〉1|iα〉2 + |iα〉1|α〉2) + b(| − α〉1| − iα〉2 + | − iα〉1| − α〉2)
1√
2
(|ge〉 − |eg〉) c(|α〉1| − iα〉2 + |iα〉1| − α〉2)− d(| − α〉1|iα〉2 + | − iα〉1|α〉2)
where, A, B, C, D and a, b, c, d are linearly related.
Here,
| ± α+〉 = 1√
2
(|α〉+ | − α〉) (18)
and
| ± α−〉 = 1√
2
(|α〉 − | − α〉). (19)
These states do not generically satisfy separability criterion based on the variance approach [30, 31] and can be
represented by localized Gaussian states. In the coordinate basis, 〈x| ± α±〉 = ψ±(x) and 〈x| ± iα±〉 = ϕ±(x), where
ψ±(x) =
e−(x+x0)
2/2δ2 ± e−(x−x0)2/2δ2
√
2pi1/4δ1/2
[
1± e−x20/δ2]1/2 (20)
and
ϕ±(x) =
e−x
2/2δ2+ιp0x/~ ± e−x2/2δ2−ιp0x/~
√
2pi1/4δ1/2
[
1± e−p20δ2/~2]1/2 . (21)
Here, x0 and p0 are real; δ can be taken to be real for convenience. It is worth noting that superposition of the above
states yields the single particle compass state, considered by Zurek [1]. The entangled compass state obtained here is
given by,
Ψ(x1, x2) = N [A[ψ+(x1)φ+(x2) + φ+(x1)ψ+(x2)] +B[ψ−(x1)φ−(x2) + φ−(x1)ψ−(x2)] +
C[ψ+(x1)φ
−(x2) + φ
−(x1)ψ
+(x2)] +D[ψ
−(x1)φ
+(x2) + φ
+(x1)ψ
−(x2)]], (22)
where, N is the normalization constant.
In order to study the phase space structure, one computes the correlation function:
c(x1, a1, x2, a2) = Ψ
†
(
x1 +
a
2
, x2 +
b
2
)
Ψ
(
x1 − a
2
, x2 − b
2
)
. (23)
The Wigner function,
W (x1, p1;x2, p2) =
1
(2pi~)2
∫ ∞
−∞
∫ ∞
−∞
c(x1, a1, x2, a2)e
i(p1a+p2b)
~ dadb. (24)
can be computed:
W (x1, p1;x2, p2) =
2δ2c|N |2
pi~2
e−
(x21+x
2
2)
δ2
−
(p21+p
2
2)δ
2
~2
8∑
i=1
[
(WDi +
∑
WCi) + e
−
x20
2δ2
−
p20δ
2
2~2 (
∑
WEi)
]
, (25)
where, WDi ’s represent the diagonal components, while WCi ’s and WEi ’s are the off-diagonal components.
We now carefully analyze the individual representative terms:
5WD1 = |A|2(e−
x20
δ2
−
p20δ
2
~2 cosh
(
2p0p2δ
2
~2
)
cosh
(
2x0x1
δ2
)
+ e−
x20
δ2 cosh
(
2x0x1
δ2
)
cos
(
2p0x2
~
)
+
e−
p20δ
2
~2 cos
(
2x0p1
~
)
cosh
(
2p0p2δ
2
~2
)
+ 2 cos
(
2p0x2
~
)
cos
(
2x0p1
~
)
), (26)
WD2 = |A|2(e−
x20
δ2
−
p20δ
2
~2 cosh
(
2p0p1δ
2
~2
)
cosh
(
2x0x2
δ2
)
+ e−
x20
δ2 cosh
(
2x0x2
δ2
)
cos
(
2p0x1
~
)
+
e−
p20δ
2
~2 cos
(
2x0p2
~
)
cosh
(
2p0p1δ
2
~2
)
+ 2 cos
(
2p0x1
~
)
cos
(
2x0p2
~
)
), (27)
WC1 = A
∗B(e−
x20
δ2
−
p20δ
2
~2 sinh
(
2p0p2δ
2
~2
)
cosh
(
2x0x1
δ2
)
+ e−
x20
δ2 sinh
(
2x0x1
δ2
)
cos
(
2p0x2
~
)
+
e−
p20δ
2
~2 sin
(
2x0p1
~
)
cosh
(
2p0p2δ
2
~2
)
+ 2 sin
(
2p0x2
~
)
cos
(
2x0p1
~
)
), (28)
and
WC2 = A
∗B(e−
x20
δ2
−
p20δ
2
~2 sinh
(
2p0p1δ
2
~2
)
cosh
(
2x0x2
δ2
)
+ e−
x20
δ2 sinh
(
2x0x2
δ2
)
cos
(
2p0x2
~
)
+
e−
p20δ
2
~2 sin
(
2x0p2
~
)
cosh
(
2p0p1δ
2
~2
)
+ 2 sin
(
2p0x1
~
)
cos
(
2x0p2
~
)
). (29)
It can be seen from above that in every expression, the first three terms containing hyperbolic functions are
multiplied by Gaussian factors, which are bound to be small, in the present mesoscopic context, concerned with
relatively larger values of x0 and p0. Thus only the last terms give a dominant contribution. These terms are of
purely oscillating nature, which can produce significant amount of interference. It is to be noted that the first two
terms are similar to what had been found in Ref. [17]; however the last two terms containing 2 sin
(
2p0x2
~
)
cos
(
2x0p1
~
)
and +2 sin
(
2p0x1
~
)
cos
(
2x0p2
~
)
are new and arise due to further interference between two groups of terms. Explicit
computation yields,
WE1 =
|A|2
2
e
ip0x0
~ (cosh
(
(
x0
δ2
− ip0
~
)(x1 + x2) + (
ix0
~
− p0δ
2
~2
)(p1 − p2)
)
+
cosh
(
(
x0
δ2
− ip0
~
)(x1 − x2) + ( ix0
~
− p0δ
2
~2
)(p1 + p2)
)
) +
e−
ip0x0
~ (cosh
(
(
x0
δ2
+
ip0
~
)(x1 + x2) + (
ix0
~
+
p0δ
2
~2
)(p1 − p2)
)
+
cosh
(
(
x0
δ2
+
ip0
~
)(x1 − x2) + ( ix0
~
+
p0δ
2
~2
)(p1 + p2)
)
) +
2(cos
(
p0(
(x1 − x2)
~
− i(p1 + p2)δ
2
~2
)
)
cosh
(
x0(
(x1 + x2)
δ2
+
i(p1 − p2)
~
)
)
+
cos
(
p0(
(x1 + x2)
~
− i(p1 − p2)δ
2
~2
)
)
cosh
(
x0(
(x1 − x2)
δ2
+
i(p1 + p2)
~
)
)
)) (30)
where the purely oscillating terms are absent. Combining the oscillatory terms from all the expressions one gets in
the mesoscopic limit:
W ≈ A1 cos
(
2p0x2
~
)
cos
(
2x0p1
~
)
+A2 cos
(
2p0x1
~
)
cos
(
2x0p2
~
)
+
A3 sin
(
2p0x2
~
)
cos
(
2x0p1
~
)
+A4 sin
(
2p0x1
~
)
cos
(
2x0p2
~
)
, (31)
6Where A1, A2, A3 and A4 are related to A, B, C and D. The precise relationship is not important for the sub-Planck
structure. It is worth noting that in the x1p1 plane, where both x2 and p2 are kept constant we find,
W ≈ B1 cos
(
2x0p1
~
)
+B2 cos
(
2p0x1
~
)
+B3 sin
(
2p0x1
~
)
. (32)
The distance between two zeros in x1 direction is ± π~4p0 , while it is ± π~4x0 in the p1-direction. This gives the area of
the fundamental tile a = (2π~)
2
4x0p0
in x1p1 plane of particle one. Similarly one can find zeros in x2 and p2 directions
and obtain the same value of the fundamental area. It is clear that visibility of the checkerboard type interference
patterns originates from two sources. It arises due to the entanglement of |α+〉, |α−〉, |ια+〉 and |ια−〉, as well as
from the interference of these entangled states. As has been pointed out by Toscano et al. in [9], the sensitivity
of this state to external perturbations can be checked by the following scheme. Let D1(α) and D2(β) denote two
displacement operators causing the displacement of particle states one and two, by amount α and β respectively, to
create a perturbed state |ψper〉 = D1(α)D2(β)|ψc〉. In the case, where there are equal shifts for both the particles i.e.,
α = β = is x0|x0| , the overlap function takes the form ,
|〈ψc|ψper〉|2 ∝ (1 + cos (4x0s+ θ)) . (33)
For a fixed θ and x0, the vanishing of the right hand side of Eq.(34) occurs at s ∼ ( π(4x0) − θ). In the case of the state
considered in Ref.[17], θ was 0. In general, θ can have a non-zero value arising due to the contribution of off-diagonal
elements to the zeroes of the Wigner function. Thus, it enables one to carry out Heisenberg-limited measurements.
It is clear that this is due to the presence of sub-Planck structure in phase space.
IV. CONCLUSION
In conclusion, a scheme has been proposed to generate entangled bipartite states, with compass type sub-Planck
sensitivity, through the trapping of two identical bosonic atoms in a double well potential in the Lamb-Dicke regime.
The Hamiltonian selects out macroscopic states, which couple with the internal degrees of freedom, when the system is
in its ground state. Tunneling between the two wells select out the symmetric state as the ground state of the system.
An appropriate measurement then generates the desired state with Heisenberg-limited sensitivity. The fact that this
generic Hamiltonian has found applications in many physical systems, makes the present proposal experimentally
feasible. In a recent study, quantum interference structures have been observed in trapped ion dynamics, beyond the
Lamb-Dicke approximation [32]. These systems may also show sub-Planck structures and hence need careful study.
Our analysis has been done with vanishing detuning parameter. For a small value of the same, we expect that the
state produced would still exhibit sub-Planck structures. However, this requires detailed numerical investigation. We
propose to study the effect of decoherence on this system. We hope that our proposal will be realized in optical traps
and cold atoms.
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